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Abstract

Genus g≫0, supersymmetric process [0,∞)×R|A⊗n| of Lp-compact, separable Hilbert,
locally finite Markov X superforest adapts quantum U(|A⊗n|) semigroup, conditional-,
uniform-partition metric. All 22

ℵ0 measurable full group Aut(T ) of modular subgroups
grows ergodic-asymptotic shape of Bernard et al. (2019) constant complexity O(1).

Markov superforest quantum quasi-compactness
Adhering Lp compact (Ω,F ,P) form ΦX Markov graph, X -acting process
(Xt)t⩾0 := [0,∞)×R|A⊗n|, the main result is |A⊗n|−1

∥∥T−TL
∥∥
L(Lp(γ))⩽ε,

uniform weakly (ε), affine bilinear mapping γ : P−→Φ, Φ: R|A⊗n| −→ R+,
convergence, for all (superforest) X subforest X⊆X, by

ΦX =
∑
x

Px tr(x
†x Γx)

resp.
∫

R|A⊗n|

det
(∑

x

x†x exp
(
−iHΓ(θx)

))
Pt
(
θ⃗x ∈ dθ⃗x

)

TX =
∑
x

Px x†x

resp.
∑
x

x†x exp
(
−δ(x)

)
Pt
(
θ⃗x ∈ dθ⃗x

)
R=R ∪

{
−∞,+∞

}
; x ∈

(
A⊗n ∪ I|A|n

)
; x†=xT; m,n, p ∈ N

xξ=xξ0· · ·xξm−1
≡xξ0⊗· · ·⊗xξm−1

; Px=PX(x)=P(X=x)
∣∣
x∈X



(1)

on all 22
ℵ0 manifold measurable real subforest (XT,TL , ε), stopping time t,

semigroup (Pt)t⩾0, bipartite conditional states {ΓQ|X=x}x∈X operator

ΓXQ =
∑
x

Px x†x⊗ ΓQ|X=x

resp.
∑
x

x†x exp
(
−iHΓQ|X=x

(θx)
)
Pt
(
θ⃗x ∈ dθ⃗x

)
 (2)

where Dirac-delta δ(x) gets the Lagrangian guage point, zero Hamiltonian,
in the quantum gravity; for semi-definite H set P of density (normalized),
subnormalized states:

{T : tr(T)= 1} ⊆ P , resp. {T : tr(T)⩽1} ⊆ P (3)

i.e. the classical which is the diagonal T of i.i.d. eigenfunctions Px, resp. Pt,
on ν-partite Hilbert space XX0···Xν−1

=X0⊕· · ·⊕Xν−1 supersymmetric basis
A⊗n, real Lie unitary group U(|A⊗n|) uniquely affine functional:

Γ−→ ΦΓ(F ) | ΓXξ
=trXξ

(
ΓX0···Xν−1

)
, ΦΓx

(F ) ̸=ΦΓy
(F )

∣∣
x ̸=y, F ∈F (4)

for all superforest domain X reduced states ΓX0
, . . . ,ΓXν−1

, unique mixed
state ΓX0···Xν−1

∈PX0···Xν−1
, mixing smallest field {X−1(B) : B∈B(R|A⊗n|)}

with R|A⊗n| open sets (intervals) generated Borel sigma field B such that
events X ∋ x ∈ X measurable subsets X ⊂ X form sigma field F(X ) of
measurable space (X ,F) for all outcome.

Markov superforest quantum semigroup existence

Lemma 1.1 (limit semigroup). Density-, eigen-distance
∥∥T−TL

∥∥
L(Lp(γ)),

|λ−λ∗|, i.i.d.-increment W(t1)−W(0), . . . ,W(tk)−W(tk−1)|k ∈N subforest,
ΦX sample functions t 7−→W (t, ·) semigroup (Pt)t⩾0 exists in uniform limit.

Proof. For |A⊗n|-block (S|A⊗n|−1-ball) time [0, 1] intervals fη⩾0 ⩾ ξ ∈ N,
state space X point (0, . . . , 0) starting |A⊗n|-tuple space C[0, 1] of continuous
functions for all 0-starting |A⊗n| paths planar random walk ensemble, take
t∈R⩾0,

η
2∈N0, equivalence-classes glueable interpolation by

Xη =
{ t

(η2)! 2
(η/2)

: 0⩽ t⩽ fη =
(η
2

)
! 2(η/2)

} ∣∣∣ X=

∞⋃
η=0

Xη (5)

where Wξ(0)= 0, Wξ(1)=Z
(ξ)
1 ; ξ=1, . . . , fη; W (t) = (W1(t), . . . ,Wη(t))

T ;

Zt=(Z
(1)
t , . . . , Z

(η)
t )T ; Z

t
kη
η

∼=N (0, 1); t
kη
η ∈ Tη\Tη−1; kη∈ (1, . . . , 2η), for

W (t
kη
η ) =

1

η!

(
W
(
t
kη−1

η−1 +
1

fη−1

)
+ W

(
t
kη−1

η−1

))
kη +

1

fη
Z
t
kη
η
. (6)

Clearly, of first summand exponential, W : [0,1]−→R|A⊗n| is i.i.d.-increment
affine random process in uniform convergence threshold. Then set Ptf |t⩾0;

f : R|A⊗n|−→R+/(A⊗n∪{I|A⊗n|});P0f =f ; where in P⊗n
t convergence Pt :

lim
n↑∞

|A⊗n|−1
∥∥P⊗n

t (∗)−Pt(∗)
∥∥
L(Lp(γ)) −→ 0, ∀ p ∈ [1,∞]. (7)

That is, the claim [1]: Φ Feynman path amplitudes (Pt)t⩾0 as locally compact
genus g>0 single pole removable singularity meromorphic extension family
for p-ary rings (p-adic integers p-series field Fp) formal Laurent enumerative
(Xt)t⩾0 Hadamard completion in entire ρ(z)=ePn(z)=

∫
Ω c(zx)µ(dx), finite

state space V ∼=(0,1, . . . , n−1) irreducible (periodic transition) Markov chain
(V,P) subforest isometry braid group action constellation: Fig. 1 and 2. □

Fig. 1: Subforest isometry semigroup S1 7−→R3 braids, string-links, winding compositions.

Fig. 2: Left: Subforest knot partition. Right: Dual framed-knot spinor for cohomologous
space {H1(X ;Z2)} of holomorphic (analytic) in zdz polynomial p(z) quadratic form.

Remark 1.1. In Alice, Bob, and listener Eva known {Px}x∈X constellation:
1
2

∑
x∈X

∣∣Px−PL
x

∣∣⩽ε implies uncorrelated P[x ̸=x′]⩽ε for uniform {PL

x′ }.

Results
Table 1: Illustrated Φ computation for P0 = · · · = Pn = (n+1)−1.

T̃ξ = |xξ0⊗· · ·⊗xξm−1
⟩⟨xξ0⊗· · ·⊗xξm−1

| = (δkℓ)|n−1
k,ℓ=0; δkℓ=

{1 if ξ=k=ℓ
0 otherwise

i.e. the projection operator into eigenvalue λξ0···ξm−1
eigenspace.

T̃n = n−1 In = n−1∑n−1
ξ=0 T̃ξ i.e. the mixed state.

T = n−1 In =
∑n

ξ=0PξT̃ξ; T−1/2 =
√
n In

Γξ = n(n+1)−1T̃ξ = T−1/2TξT
−1/2; ξ=0, . . . , n−1; i.e. reduced states.

Γn = (n+1)−1In = n−1n(n+1)−1In = n−1∑n−1
ξ=0 Γξ; In =

∑n
ξ=0Γξ

ΦΓ = (n+1)−2(n2+1)1n
∑n−1

ξ,η=01ξξ

(
(δξη)

)
=
∑n

ξ=0Pξ tr(T̃ξΓξ) = Egen[Γ]

Note: |A|m+1 quantum states of |A|m+1 mixture ΦX including mixed state.

Fig. 3: Left: C[0, 1] of i.i.d.-increment, (0, 0, 0)-starting 3-block (S2 ball) Markov subforest.
Right: ε-parameterized S1 7−→R3 in T1⊗εT2 inter-tangle isometry ε-rescaling [z, t] 7−→ [εz, t].

Theorem 1.1 (classical bipartite metrizing). Let compact separable Hilbert
Lp(γ) stopping time t subforest (Xt)t⩾0, unique PX(x)|x∈X mixed state,
|ξ|=n+1 mixture, joint-uniform, -conditional density TL

KG, TKG, bipartite
space XK⊕XG, family G of |A|-universal hash functions κ∈K=G(X) have
minimum (ergodic, non-ergodic) entropy hmin, ∀ g∈G, by

g : A⊗m ∼= X −→A⊗k | A⊗ζ ∼= G (8)
then for all hmin⩾h+ low enough, strong protocol of indistinguishable κ,

1

|A|
lim
nt↑∞

1

nt

(∥∥TKG −TL

KG

∥∥
L(Lp(γ))

)⊗nt ⩽ ε∈

(0, 1]

≈ |A|

(
− h+−k

2

)
(9)

with maximum extractable key length max(k) :⌊
h+ − 2

ln|A|
ln
( 1

|A|
lim
nt↑∞

1

nt

(∥∥TKG −TL

KG

∥∥
L(Lp(γ))

)⊗nt
)⌋

.

Proof. Cauchy-Bunyakovsky-Schwarz inequality on Hilbert-Schmidt. [1].♡.

Theorem 1.2 (optimal). For general Egen[Γ], resp. optimal Eopt[Γ],

Egen[Γ] ⩾
(
Eopt[Γ]

)2 i.e. Eopt[Γ] ⩽
√
Egen[Γ] . (10)

Proof. See [1]. ♡.

Theorem 1.3 (quantum tripartite). Finite X combinatorial formulation [4]
subforest-tangle ε-rescaling T1⊗εT2, Fig. 3, ∀hmin(X|Q)⩾h+, gives

1

|A|

∥∥∥TKGQ − |A|−k IK⊗TGQ

∥∥∥
L(L1(γ))

⩽ ε∈

(0, 1]

≈ |A|

(
− h+−k

2

)
. (11)

Proof. See [1]. ♡.

Parameter Estimation Conclusions

Fig. 4: R3 pairwise-key ε-subforest partition ∼= torus S2 Hopf fibration ring of blocks.

Fig. 5: Interpolated subforest-valued (Xt)t⩾0; weighted E[(x(t)−µ(t))⊗(x(s)−µ(s))]

For kronecker product ⊗, all tensor of column vector and row vector, resp.
tensor of matrices, with volatility drift by uniform limit of Lemma 1.1; [1];
for |A|m=10k, |A|m×|A|m−→exp(α|A|2m), on |A|m-block (S|A|m−1 ball)
timeline intervals, |A|m-tuple random element interpolation, the Bernard et
al., 2019, [2, 3], constant complexity O(1) convergent limit weight evolution
follows a general pattern: increasing on interval 0⩽ t⩽ T/2, decreasing on
T/2⩽ t⩽ T ; requiring smooth kernel distribution, variance relaxation over
time, and addition of heavier tails for auxiliary (max or min non-ergodic part).

Future Research
Generalize simulations to higher genus g≫0 with optimization parameters.
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