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Abstract

We characterize biholomorphic, ergodic invariant measure vm of tori
Teichmuller space, R uniform forest asymptotics in wild line-breaking
random root-growth re-graft process, for an everywhere modular form
transformation 1.
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Section 1

1.1. Let R=RU {—00, +oc}; k€N, u>0. Then prove unique existence
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1.2. Let Hy be group of Hermitian matrices. Then Hy is Euclidean space
of scalar product (A, B)=Tr(AB), and then dim(Hy) is well-defined.

1.3. Let dHy be Lebesgue measure of Euclidean space by prior problem.
Then the unique existence
/ e ) dHy.
Hy

1.4. (Gaussian unitary ensemble). Let {ﬁjk, Njk }j,vkzl be set of independent

identically distributed (iid) Gaussian variables of zero mean, unit variance.
We define a random Hermitian matrix (Hj ) of order N as follows:
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with respect to dHy.

then density exists for (H; )j.vkzl

1.5. Let (&1,&2,&3) be uniformly distributed on surface of 2-dimensional
unit sphere in 3-dimensional real (Eulidean) space. There exists distribution
for the case of random variable &;.



1.6. Let random variable ¢N) = <£§N), . ,fj(\,]\%) be uniformly distributed

on surface of N-sphere of radius v/N. There exists limiting distribution of
the random variable §§N) when N — oo.

1.7. There exists volume of N-dimensional sphere (in real space).
1.8. There exists surface area of (N —1)-dimensional sphere.

1.9. For sets {¢;} and {¢;} of functions, there exists proof for
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1.10. Let Sy(z) = i?r(ﬁ%?, V x; let symbol ¢ denotes imaginary unit, then
N ‘ 2 N
H ‘exp(z:vk) —exp(iz;)| = det ((SN (z1, — :)33)> ) :
: J,k=1
1<j,k<N
Section 2

2.1. Let kth Catalan number be:
1 [2k (2k)!
Cp=—— =
k+1\ k (k+ 1) k!
Then it follows that 9
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2.2. Let Bernoulli random walk be integer sequence

{Sk Yo<k<n

If So=0 and |S;;1—S;|=1, Vt<(N—1), then for all even N >2, the number
of non-negative (i.e. S; > 0, V¢t < N) Bernoulli walks ending in 0 (i.e.
Sy =0) is Catalan number Cly/,. Hint: Use reflection principle.

2.3. Catalan numbers give generating function
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2.4. Any probability measure on the real line is obtainable as a weak limit
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of discrete measures (i.e. finite linear combination of delta measures).

2.5. There exists Wigner theorem for Gaussian unitary ensemble. Note:
Recall proof of Wigner theorem for real symmetric Wigner matrices.

2.6. Consider Gaussian unitary ensemble of 2 x 2 matrices. There exists
unique joint local density for eigenvalues of this random matrix.

2.7. Consider random 2x2 unitary matrix distributed as Haar. There exists
unique joint density for eigenvalues of this random matrix.

Section 3

Let mes denote Lebesgue measure in the space R?, resp. torus T¢=R?/Z.
3.1. There exists the map

F:T*—T?| F(z,y) = (z+a, y+z) (mod Z*)
where « is irrational and ergodic by Lebesgue measure on torus.

3.2. Let transformation F' have invariant measure v. Then it implies:

a. There exists measure v, for v,(A) = v(h, '(A)), where hy(A) = (z, y +b)
is invariant with respect to F.

b. For measurable set F C T, (mes E) > 0, the measure vg for

vp(A) = ! /E vp(A) db

mes F

is well-defined, and an invariant probability measure for F.
3.3. There exists that vr coincides with the Lebesgue measure.
3.4. There exists that the transformation F is strictly ergodic.

3.5. The sequence z ={ask? + a1k + ap|az ¢ Q}, where curly brackets {-}
denotes fraction, is uniformly distributed on unit interval;
#{ke{0,....N-1}, Va, €1}

ie., Nh_r>nOo I = mesI, VIC]I0,1].

3.6. There exists the map
F:T"—T"| F(xy,...,2n) = (z4+a, 29421, ..., Tm+2m_1) (mod Z™)

where « is irrational and ergodic by Lebesgue measure on torus.



3.7. There exists that F' is strictly ergodic.

3.8. The sequence zy = {ank™ + -+ + a1k + ao | a, € Q}, where curly
brackets {-} denotes fraction, is uniformly distributed on unit interval.

3.9. The sequence zy = {ank™ + -+ + a1k + ao | a,, € Q}, where curly
brackets {-} denotes fraction, is uniformly distributed on unit interval if at
least one of the coefficients a1, ..., a,, is irrational.

3.10. There exists direct proof (without resorting to argument relating to
mean uniform convergence) that the cyclic rotation map

R,:T—T | Ru(x) = z+a (mod 1)

is strictly ergodic if @ ¢ Q. Hint: Let interval I have length less than 1/N.
Then there exists N-pairwise non-intersecting images of R¥ (I),..., R*(I).
Evaluate v(I) for arbitrary R, invariant measure v.

Section 4

We denote symmetric group Sy i.e. set {1,..., N} group of permutations.
Let segment-shift 7" fix segment-length vectors (Aq, ..., A\y) for shift vectors
(w1, ..., wy), i.e. mapping T': & — x + wy, for lengths () of intervals (Ij).

4.1. There exists proof that ), Aywy = 0.
4.2. Construct Rosy graphs for shift of 2, 3, and 4 segments.

4.3. If Keane condition (i.e. Ty ,-orbits of points z1 =ay, 2 =a;+as, ...,
x N_lzzi]\;lai, m €Sy, are pairwise disjoint and infinite) holds, the segment
length decreases indefinitely in sequential application of Rosy product.

4.4. Consider 2-segment shift. Let z=X; /s be length ratio (left to right).
a. Find z transformation by Rosy induction R; solve x continued fraction.
b. For each z, there exists P such that

P(z) = R*(x)

is the degree of Rosy induction to go from one set to the another, where the
set of shifts for the two segments is divided into two sets A = {z < 1} and
B = {z > 1}, and we are allowed to choose coordinate y =z on set A, and
coordinate y=1/x on set B.



4.5. Let T: x — {1/z} be Gauss-Kuzmin map where {-} denotes fraction
in interval (0, 1). Then the measure p with density

(@) :
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is an invariant measure.

4.6. Consider the Gauss-Kuzmin transformation 7" Let I,,...,, be segment
with ends [0,ay,...,ay] and [0,a1,...,an_1,ayx + 1]. Then the map TV
from I,,..q) is bijective to the whole segment [0, 1].

In addition, the map (T )_1 is defined by

PN + PN-1T

gN +gN-1T

Tay-ay

x
where pk/qk = [07 agy .- - 7ak]'
4.7. Consider the map F = (TV )_1.

a. Evaluate how F' distorts mes, i.e. how mes(S) =mes(.S)/mes((0,1)) and
mes(F'(S))/mes(Ia, . a,), for SC(0,1), differ.

b. Derive ergodicity of measure p for the Gauss-Kuzmin transformation.
Hint: Choose invariant set of positive measure p (or mes), and use Lebesgue
density (point) theorem.

Tay-ay



