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Crumbling, Piecing,

and Cracking:

Naive Analysis of Global Warming

CRUMBLING AND PIECING

Adrien-Marie.
Becoming an instant fame much early-on in the 18th
century for his measure of the terrestrial meridian that
a meter became almost surely known
as 1/107 pole-equator distance, his
Mathematicians-type chef-d’oeuvre:

Launch into global warming! with Legendre,

Roots of Polynomials — which "
. L . : ¥
directly inspired the achievement ! )
of Galois, and subsequent magnum <
opuses on elliptic integrals and =

quadratic reciprocity, respectively

galvanizing Abel and Gauss into their
achievements, and conjoined, or even
necessarily  connected  spherical
harmonics, the theory of angular
momentum, without hesitation — is
certainly germane to contemporary
modeling of climate problems. Undeniably, angular momentum
gave us blackbody? theory via Max Planck in 20th century,
and oh yes, sure Planck earned the Nobel Prize for Quantum
Mechanics in 1918, an accomplishment which is far superior
in many ways than Einstein’s relativity, since it opens up a
whole new era of measure-entropic symmetries and predictability.

Adrien-Marie
Legendre (1752-1833)
http://bit.ly/legendre

Going by the genre at the end of the century that energy E of the
experimentally observed (radiation®) is definitely quantized, i.e.,
no longer continuous on [0, c0), but exists only in ~y>¢-multiple
of discrete minimum (quantum or photon), if K is a o-algebra of
a filtration of field K, and v < 7 € y>p-subfield I' C K | w € field

K (or w field extension K D T'), then G(f (v, 79); ) (7, 7; w)

discrete energy generator, for partition function f (v, ) | TxT —
I', is a Kr x K, where K is measurable map from I x K into K
in the distribution sense lawed by the 7>(-relation:

B, x G(f(1.7)w)

ie, E, = hG(f (v, 7) ;w)
for proportionality constant h € field K.

Lincrement in global mean temperature.

2a hypothetically perfect body in which all incidented e-m radiation
is completely absorbed, and in all wavelength spectra and all directions,
maximum possible emission is realized.

3infinite number of harmonically oscillating dipoles.

In particular,

¥ = 141+ (v times) in Compact Manifold

7= 1o, (LJor ) + 1, (Llur) + -

- 4+ (ytimes) in Non-Compact Manifold.

On the (not necessarily compact) closed interval [w, w + dw],

dE = dv-E[E] (1)

Thus, for infinitely smooth algebra C> (K) | <IC K> <IC | Q>
where ) := Borel o-algebra of field /I, the set {z eZ ((COO( ))}
is almost surely Open Manifold bundle from the homeomorphism

()27 (K) x 2 (K) = {727 (7) €K, 2 (1) €K}

For discrete E of y-colored indices on bialgebra 7 assortments,

where |Z (C*(K))| =27, |Z (C*(K))| < 2/¥el with the latter
being power-set cardinality of the <IC, Q> discrete subspace

Gl D G

—_——
¢ likely copies 7 likely copies

Kr ()

That is, combinatorial look casts its furtive scope as usual,
and it is almost unbearably embarrassing just to glance around

((C°° (K))7 even as in obligatory denial of a heraldry real villain
knight /C of castle 2, where I' longs for discrete works to fix castle
lock o. Therefore, going by set of discrete E, partition (not
surely stationary) works, an embodiment of open bundle-fiber in

underlying K is lawed by
< up in B E () K Q .
;/;C Qe% [{ v | }]>

s (sup ({2 [£0 156:]})

Thus, by one-one correspondence with infinitely many disjoint

sequences By 1= {Eg) }, all partition function is complete in €.

Since by the mean value* theorem

E
oy
= exp 4 — E,ex
(Sen{-)) Soenf-
Y
4in continuous term, this will be the equivalent of

SO Y TR Vi Ry

o
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h h
where exp {k;;} = 1+ (IC;JT> 4+ .- higher powers > 1

hw N hw
eXP{k T} 1 (1+,€’;““T> ~1

That is, suppose one-octant-sphere rotation of two potential
states of standing waves in cubic box, as observed by Rayleigh:

E[E] :=

= kBT.

2(4m)Vw?d
dy = w, with cubic volume L3 =V, L € RT
dE 1
densit, = — = dy-E[EF]- =
energy density p(w) v v - E[E] - &
such that discrete energy is given by:
hw
dE = dv-E[E] = Vo= vV
7-E[E] p(w) exp {hw/(kpT)} — 1

where v is an integer; w is frequency; A\ is wavelength;
c:=2.998 x 10%, speed of light in vacuum; h := 6.626 x 10~3*
Planck’s fundamental constant of Quantum Mechanics.

Thus, blackbody radiation energy density is born of these forms:

1). As a function of w and T' (Planck’s Law):

1
E w,T = ﬁlwg
() = P (oo 1Y —1
where (31 = i—?, B2 = %, and kp = Boltzmann constant

1.3806503 x 1073 (the fundamental constant in statistical
mechanics) .

2). As a function of A and T":

@2
Ste 3 — 0, for A =0

1
EW\T) = ‘;; = ~
g KT — 0, for A — oo
where a1 = 2mhc?, az = 1<

kp

Integrating F(\,T') along all paths [0,
(and all angles of the hemisphere):

1) over all the wavelengths

1

T 1 o 1
lim %TdA = T4/ 23 d:z: with 2 = %
T—0 AP est — 1 0‘2 0 o _
a X [ 1 - -
L 3 _—kx .
a3 Z/o x’e :E,smceem_1 — Ze
= k=1
— ... (integration by part) - -- = %T4i 6a1 42
2 Yy P o 2 i =
— 6;.111"44(4) _ " T41 _ 27rhc? T47T—4 Qﬂ.skB
Qy

o’ 15 (#)4 15 15h3c2
B

where ( is the Riemann zeta functionS, thus:
o0
/ E\T)d\ = oT*.
0

That is, Stefan-Boltzmann Law; simply put, density of

temperature; o

NENT) =

= Stefan-Boltzmann constant 5.67 x 1078.
Optimizing E(A,T), by its O (-
where u := —
Its numerical solution by Newton-Raphson iterative process®

energy emitted is directly proportional to the 4th power of
0 d
O\ % - d 0
%)
= 1- =0,
s =
we have a transcendental equation f(u) of known range (—o0,0).
(as f' # 0, and f” not changing sign on finite [a,b]) gives an
approximate solution 4.965114. Thus,
a9 he 1
)\mam’ =—==——"—=72 — .
WT ~ $065L1AkpT 20T (T)

That is, Wien’s Law: Maximum wavelength is inversely

proportional to the surface temperature.

Hence, assuming solar heating has negligible effect on earth’s
interior, a blackbody theory-based sun’s temperature T, and
earth’s surface temperature T,. can be estimated from an
equilibrium” and topological standpoint:

Assuming classical equilibrium between sun’s emitted radiation
and its luminosity L, in space:

oT*4nR? ~ L ~ 4nD?

where R = sun’s equatorial radius 6.955 x 10%, solar

P =
constant measured from space to be 1370, and D = distance
between earth and sun 1.496 X 1011, and &~ denotes that 4 is
as usual for a perfect sphere of which the sun is not® -

see NASA JPL (Updated 2010, January 6).

Thus:
5509 °C.

YD?
T =
) ( oR?

Assuming, again, equilibrium between the earth’s emitted and
absorbed radiations, at the earth’s optical “membrane”, i.e., the
atmosphere, which loses or gains heat by radiation only (since
outer space is vacuum!) and acts as fundamental boundary
condition for the flow of energy (photon) from the sun to earth:

= ¥(1 - a)(mr?)

5it may be helpful to know that whenever m is even, ¢(m) o< 7™

Sother methods exit in which {f,} converges faster.

"Kirchhoff’s law — at equilibrium, emissivity equals absorptivity.

8as computed by Hugh Hudson of UC Berkeley and his team to a
groundbreaking precision of 0.001% level.

I
) ~ H782 K =

0Ty (4.003477r?)

Crumbling, piecing, and cracking:

Naive analysis of global warming Page 2 of 13



Bernard, M. ~ Climate Change 2010

where Ty, = blackbody-earth temperature; r = earth’s
radius; o = earth surface albedo, i.e., proportion of
incidented radiation (from sun) that is reflected back to
space (mostly by cloud but also by surface, aerosols, and
gases), about 0.3 or 30% today but 0.7 or 70% in ice/snow.

4.00437r? (not 4mr?) accounts for the fact that earth’s
emission occurs over the entire sphere and the earth is not
a perfect sphere (Loeb et al, 2009).

(1 - @) accounts for the proportion of incidented radiation
that is not reflected back into outer space but serves to
augment incoming radiation from the sun.

7r? accounts for the fact that the earth absorbs radiation
in the form of a circle, essentially the shadow that would
be cast by earth, which comes in from just one side.

Thus:
$(1—a)\*
Tpe = | ———= ~ 255 K = —18 °C.
’ (4.00340
N.B.: This is « 288 K = 15 °C, the mean observed

temperature T,.; quite unlike mars (Ohring et al, 1962)
which has relatively small atmosphere and blackbody
temperature seems to be in very good agreement with
observed temperature.

Thus, begging the question: Could there be some amplifying
factor in the system (earth)?

Find out what is going on by first exploring the spectra: Figure 2.

Where as the normalized plot in Fig. 2 is obtained by
dividing each spectrum by its maximum value so they both
peak at 1, Fig. 1 is over A = 0.1 — 5 um for sun and over
A = 0.1 — 100 pym for earth, since Wien’s law = Sun’s Amaz
~ 0.5 um (from Ts = 5782 K = 5509 °C) and Apmar = 11 um
255 K = —18 °C), and in standard

perspective, sun’s emission is about 10 to the 6th power of

for earth (from Tpe =

earth’s emission.

Of particular interest is the spectral independence that can be
deduced from these plots; i.e., spectrally, the sun and the earth
are almost completely separated — just only about 1% overlap
between them, a great advantage because solar emission and
terrestrial emission can hence be treated as separate from each
other to a very good approximation.

Equivalently, from these plots (and from Wien’s law), solar
emission is predominantly in the UV and visible regions of the

—O~ Exact
Sun Blackbody Emission *  Approx| Earth Blackbody Emission
*  Error

Emission Emission

Wavelength

Wavelength 15 0

Figure 1: Classical blackbody emission spectra of sun and earth.

= 0 - Sun Exact

Normalized Sun and Earth Blackbody Emission *  Sun Approx

— * — Sun Error

= 0 - Earth Exact
*  Earth Approx

— = — Earth Error

0.9

Normalized Emission

-2

Log Wavelength (in meters)

Figure 2: Normalized blackbody emission of sun and earth.

spectrum (~ 1072 — 107% m) while terrestrial emission is
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predominantly in the infrared (~ 107 — 1073 m), which
perhaps support the presence of a greenhouse and ensuing
effects® in the atmosphere.

Now, supposing atmospheric greenhouse effect actually amplifies
earth’s surface temperature, then, try capture the factor A of
amplication (by the so-called greenhouse effect) by relating it to
the number of “optical” layers into which the atmosphere may
be subdivided as follows:

First case scenario, assume atmosphere is a single
‘optical’ layer (with temperature 7,) as shown below:

\l/

70_

e | N
Ya ,
4 aly
l 1-layer atmosphere
a4
GTU:' ore Surface
ARVANA VA VN A R A VA
ﬁ(.(l)agi) = UT(;I at top of atmosphere

which = T, = Tje from equation () ~ T, 2 2ine

oT4 = ¥0-a) | ;pd

0034 at earth surface

Second case scenario, assume a two-layer atmosphere (with
temperatures 7,1, Ta2, in layers 1,2, respectively):
~ Ve

7 | N
%(1-0«.)

\

-I-4

’40 al
oTar T4
\ al "G az

layer 1

layer 2
‘ csTof,' ‘ﬂ-ag
Surface
VAN VE VAN N A VAN
11;%53? =0T} at layer 1
1
ﬁ(_(ljggi) +o0TY =0T at layer 2 = Toe Z 34The

1—
oT5 = d:;( 0'(1)

+ 0Ty

at earth surface

9i.e., that the atmosphere is composed of gases like COg, water vapor,

ozone, methane, etc., which are largely “transparent” to solar radiation (i.e.,
infrared radiation) but not to terrestrial radiation (i.e., visible and UV), and
therefore traps energy to amplify the earth surface temperature.

n'" case scenario, assume n > 2 layers (with temperatures

To1,Ta2,-++ ,Tan in layers 1,2,--- n, respectively):
? 1
= Toe = (7L+ 1)4Tbe
So that the ‘7’ mark above the ‘=’ sign implies: Is there
any n > 1 such that
1 T
A = (n+1)% O
(n+1) T
But unfortunately there is no such m; not even the least
possible senario n = 1, the one-layer atmosphere, where
1
Toe = 27 x 255 K =~ 303 K, still > 288 K.

Thus, begging the other (contradictory) question: Could there
be some dampening factor in the system (earth)?

CRACKING

Inspired by the seemingly small number 21 & 1.1892, which
literally sums up all widespread debates about the effect of
changing greenhouse gases and all uncertainties about the
poor approximation of the Stefan-Boltzmann law, let emitted
radiation Egr from the earth be based on a parameterization
(rather than the bad ol’ Stefan-Boltzmann law):

Er = A+ BT

such that A and B := empirical constants derived from
satellite data as in Farrell (1990), taken here as
203.3 and 2.09, respectively, and T := T(¢) is the local
temperature of the earth surface at a given latitude ¢.

And, at the same ¢, assuming this form of absorbed radiation:

Es = Sf(T) = SA-aT))&(9)

which is already incorporating the albedo feedback as:

0.6 if T < -10°C (ice-covered)
o(T) =
0.3 if T > —10°C (ice-free)
and ice-line @ice is where T'(dice) = T'(ice) = —10.
v 1810 g9

T 4.0034 ~ 4.0034
&(p) = insolation, i.e., amount of solar

radiation reaching the given ¢ of earth surface.
then, it’s either a question of Fg = Fg (at equilibrium)
or Fg # Ep (outside-equilibrium).
At equilibrium (which is the initial steady state),

Ep = Es = A+ BT = Sf(T) 2)

Crumbling, piecing, and cracking:
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. ds /

i.e., f(T)dT— B+ Sf(T)
Outside-equilibrium, T'(¢) = Tequitibrium + 0T (¢), 6T($) > 0,
where when some perturbation (say double COs) is applied,
outgoing energy (from earth) must be allowed to “feedback”

and re-establish a new steady state.

Note the word feedback. So far constructed with intent of
an albedo-only — whose reference block (i.e., “gold standard”
against which feedback effect is to be evaluated) is imagined
as the system with zero feedback — feedback also include water
vapor, lapse rate, and cloud, mainly (IPCC, 2007), all of
which is held fixed here (and will be discussed later on). The
most important distinction to note here is that perturbation
“pushes” climate from an original state to a new state, and
feedback then responds (i.e., not occurring in stable climate nor
occurring on its own) by either “further pushing” climate “in the
direction” of perturbation (i.e., amplifying or positive feedback)
or “pulling” climate “against the direction” of perturbation to
bring climate closer to its original state (i.e., dampening or
negative feedback). Thus, feedback essentially acts to amplify
or dampen perturbation, contrasting a lot with just an ordinary
perturbation-adjustment (besides simultaneously acclimatizing)
response purportedly hailed in many texts.

Hence, a convergence term or energy difference G=-E 5+ Es
(with which feedback and hence stability are interdependent)
must be introduced as follows:

éz—A—BT+Sf(T)=—MC%=—MCV~T

which is what Physicists call Fourier’s law of heat

conduction'®

, where M. = the meridional energy capacity
per surface area of the entire earth, and (G is understood
in hyperbolic Brownian motion as the Poisson kermnel, i.e.,

the density function of a probability distribution.
Thus, first-order wrt T,

M LST(6) = (B4 ST OT(0) = -LoT = —Cor

do do
f(T) dS
h = —
where C M, dT
Moreover, G is continuously smooth (i.e., continuously

differentiable) with compact support almost everywhere on the
earth surface (which is simply connected), and G is conservative
(i.e., path-independent)!!. Thus, there exists some potential
function ¢ such that a convergence (i.e., density of net
meridional flux) is given by

V~g:é

Osimply put, energy change or flow is directly proportional to temperature

gradient.
Hhecause its circulation arougd any closed borel subset 9¢ C 9B, of the
earth surface is zero, i.e., [y G- ds= [5,(V x g)dA = [,,0dA = 0.

Clearly, such g is given by:
1 T
g(T) = AT + 5BT2 - S/ f(T"dr’
0

In fact, such ¢g(7') is the sink term, i.e., would always decrease
with time, based on the chain rule:

dg _dg dT ar\?
(%)

where the last equality bears the fundamental qualitative

dp  dT do

analysis of stability, even for finitely many amplitude of
perturbations, giving how large a perturbation needs be in
order to push the system over the hill, out of the shallow
minimum representing the present climate, into a fathomless
minimum corresponding to the unfathomable freeze.

The next logical sequence is to consider a latitudinal domain
(¢, o+ ¢), d¢ > 0, with nice approximation for V - g as follows:

Perturbation Feedback Simulation (PFS)

emitted
radiation

ice
absorbed
radiation

flux in

Let the total flux into the domain of d¢ (i.e., across latitude ¢
over all longitudes) be given by:
dr
)@

“rde
where 277 cos(¢) = circumference or length of latitude belt
and rd¢ = width of latitude belt

271 cos(¢) (M

Similarly, let the total flux out of the domain of d¢ (i.e., across
latitude ¢ + d¢ over all longitudes) be given by:

dr

> (¢ +09)

27r cos(¢d + d¢) (MCTd¢

Crumbling, piecing, and cracking:
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where 277 cos(¢ + 0¢) = distance around earth at ¢+ d¢

By first-order Taylor expansion

cos(¢ + 0¢) =~ cos(¢) — d¢psin(¢)
and

T dT dT
(Meigg) o0 ~ (i ) 01 s (Mergs) @)
Thus,
V.g =

ar
rdo

~ 2rrd¢sin(e) <./\/lc

dT
“rdg

) @ - 2rrsocos(o) o (M.

Cgb) (©)

) @ - 2riocos(o) L (M.

27 cos(6) (Mc ) (6) — 277 cos(6 + 66) ( ) 6+ 5)

o5

ar
rdeo

+ 217 (669)* sin((b)% (MC

~ 2rd¢sin(¢) (MCdT dT) (¢)

do do

where the last = is valid in the limit that d¢ — 0.

Dividing by area of the domain, which approaches 27726¢ cos(¢)
in the limit §¢ — 0 implies:
dar
MC’[‘d(ﬁ) .

t dT d
) (
Substituting z = sin(¢) = dx = cos(¢)d¢ implies:

“r rd¢  rdo 3)

Q

tan(¢) dT' M. . ar ./\/l dT
Me rordg 12 bln(d))cos(qb)(w Y
and
d AT d (M. AT
v (M) = (5 CO‘“’(d))cos(as)m)
M, dT

d (M, dT
— —COS(¢)% ( r2 COS(¢)d¢>

o, d (M, dT . T

=~ (9) s ivds cos (b 2 cos(¢)d¢ +sin() 75 7"2 cos(¢)d¢)

B . dT /\/lC dar

a r2 dx TR A

d (M.dT M. dT
Thus, (1 ) < 2 dx) + 2z 2 q
which = — i k (1 — a:2) 733)
dz dz ’
Thus:
N _i 2 dT'(z) _ M,
Vg = dx(k(l x) . ), for k= 2

Now, the nonseasonal perturbation feedback simulation (PFS)
equation which takes into account the topology and surface
albedo feedback of earth is given by:

A+ BT (z)+ (—CZS <k (1—2%) dﬂ;x))> —S(1—a)(x)=0
‘E“E Conve‘]‘:‘gence ‘E‘S

ar
with boundary condition imposed by —k+/1 — x2 qr =

z=0,F1

(4)

where k may be thought off as a function of latitude, so
as to take into account a circulation pattern known as the
Hadley Cell, the more effective redistribution of
energy in the tropics than in the extra-tropics (Farrell,
1990), implemented as follows:

k(z) = 0.45 (1 £ 9%exp {— (sm(x?u()))ﬁ})

crudely represented by increasing k by a factor of 10

i.e.,

(say, equatorwards of about 30°) .

In particular, thinking of k as a free parameter to be empirically
adjusted, k as constant implies:

d

d 2
—(1-a%)—

dx

k X the operator T := —

understood in Quantum Mechanics as 1-particle
spherical harmonic oscillator differential operator
corresponding to the eigen-equation 7p;(x) =1i(i + 1)p;(x)
where pl(x) = associated Legendre polynomial.
Writing
A+ BT(x)+i(i+ VKT (z) — S(1 — a)é(z) = 0, (5)

the ice-albedo feedback implies nonlinearity, which really implies
the set of analytic multiple solutions as follows:

1 >0

First recognizing the vector space X of T as a 2-dimensional
Euclidean R? = ¢2(N), the set of all square-summable sequences:

{(ai)fi1 :

> lail? < oo}

t12

whose inner (or scalar) produc

(129) = b St = i St

is the standard dot product:

12the continuous map (-, ) : T x T — R € R.

Crumbling, piecing, and cracking:
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That is, X is a special case Hilbert space’® H = L?([-1,1],dx),
the set of all square-integrable functions on [—1, 1]:

/ (@) < oo}
[—1,1]

whose inner (or scalar) product is given by:

{(fi(w))ﬁ

(t,p)= /[] Ha)p(e) dp(z) = lim gtipxx)*

n
= nh_{lgo z; tipi() .
1=

Switching right-away to orthogonal axes, which means, using
Rodrigues’ formula

1 & i .
pi(x) = 5771 dat (z*—1)" for eachi >0

(6)
implies a class of orthogonal polynomials, po(x) = 1, p1(z) = =,
po(z) = 3(32% — 1), ps(x) = (52 — 3z),-- called Legendre
polynomials, essentially orthogonal'® basis that all lie in the
open interval'* (—1,1) such that p; has i distinct real roots.!4

Now, since every polynomial of degree n < oo can be expressed
as a linear combination of the Legendre polynomials, write:

T(x) = lim Y tiile) = (t,p) € LA(-1,1],dx) (7)
=0

where all ¢’s are restricted to even integers in order
to preserve p;(—z) = pi(z), i.e., South-North symmetry
of climate distribution, and ensure that the boundary
condition is guaranteed for any level of truncation.

Following then Huybers (2006) integrated summer insolation
(which is based on observed data), defining £(z) as annual mean
distribution function of insolation so that pole-to-pole global
area-mean is unity:

= Haw) -

and approximating bell curve distribution of £(z) using Legendre
polynomials up to ps, since quadratic gives closer fitting (than
quartic) to fit the “real” bell curve distribution, implies:

E € L2([_17 Hvd‘r)

1 = &po + &2p2, excluding odd terms &1,p1 for symmetry sake.

Thus, &, = 1 and & not so obvious; and, & is determined by
heuristically shrinking or expanding to fit; e.g., & = —0.482
produces a best fit of ~ 98% accuracy as shown in Fig. 3.

Bbecause a vector space of open ball B,(T) = {y € X|d (T,y) < r,r > 0}
has an inner (or scalar) product and is also Cauchy; i.e., “complete”; i.e.,
has a limit.

14from the orthogonal relation (t, p) =0 € L?([—1, 1], dx).

Insolation Evolution

09} |
0.8} B
j
i)
8 0.7+ _
2
£ == Huybers—integrated
061 === {(x)=1-0.482(3x°-1)/2 i
0.5} |
0.4 L
-100 -50 0 50 100
Latitude

Figure 3: WNormalized annual mean insolations as a function
of latitude, where Huybers-Integrated has been adjusted for
solar constant 1370; Huybers (2006) uses 1365.

Hence,

32 -1

€(x) ~ 1 — 0.482ps(z) = 1 — 0.482 ( > = 1.241 — 0.72322 .
Thus, write (5) as:

—Apg + S(1 — a)(1.241 — 0.72322)
i(i+1)k+ B

ot (T(a). (o)) = <(,}LH;O itjpjm) , pi<x>>

J=0

= nlingozn:tj <pj(as) , pi(x)>
3=0

R 2
= Jim 2 g

2

-t —
“on+1
2
where T—Haw = <p2 5 p]> € L2([_1,1],dfﬂ)
such that as tensor form of the identity matrix,
lifi=j .
ij = ., 0 .
the Kronecker delta Jj; { 0ifi % 0<1,j<o0

That is, all the Fourier-Legendre amplitudes ¢; € L?([-1,1],dx),
are given as follows:

(st o).
9

_ 2n+1

t; 5

Crumbling, piecing, and cracking:
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That is,
, A S1—-a) [
i=0 = to=—7+ T/ﬂ (1.241 — 0.7232%) dx
~55(1 — )

1=2 = ity

1
= 1.241 — 0.72322 d
12k + 2B /,1( 0.72327) pa(v) de

truncating at ¢ =m:
. _ 2m+1S1-a) /1
" 2m(m+ 1)k +2B J_4

(1.241 — 0.7232%) pp, () da

so that (7) becomes T'(x) = to + topa(z) + -+ - + tmpm ()

Now, notice ¢ = 0 implies A + Bty = S % 0.7. That is, equation
(2) and
1

to=3 (T(@), w) = 5 {T@) ) =T

implies that, in baseline state (o = 0.3, A = 203.3, B = 2.09,
S = 342.2, and only albedo feedback and nothing else), the

earth’s mean PFS (global) temperature must be ¢y ~ 17 °C =
290 K, which is pretty close to 288 K (the mean observed).

Moreover m could be extended to 4, since quartic-approximation
is also parabolic. But it’s better to truncate at ¢ = 2, because,
for ¢ > 4, the associated integral in (9) becomes zero; obvious
from the orthogonal relation'®. Thus, it can be expected that
quartic-approximation will give a very small amplitude.

Besides, there are finitely many steady-state solutions of 7' (and
T\), with respect to k (which was earlier left as an adjustable
parameter). Thus, k& must be fixed in order to compute t;>s.
The idea is truncate (7) at ¢ = 2. Then, using observed
pole-to-equator temperature difference, i.e., observed T(x =
0) —T(x =1) = AT,_., which will be taken as 34 °C (although
varies) so solution can easily converge, compute k as follows:

3z2 -1
T(.’E) ~ g+ tgpg(l') ~ 1741, ( 9 )
2 2
= t2 ~ —gATp_e ~ —g

(T(m:O) — T(m:l))%—§*34.

Thus, from (i = 2) above:

5S(1 - a)f_ll (1241 - 0.7232%) (351 ) da

k-
G —8AT, .
= k=05.

15fi1 h(z)pi(z)dx = 0 for every polynomial h of degree < i, and Legrendre
polynomial p;.

Now, for T'(x) = tg+tapa(x) = to+to (33@2 — 1), given tg, to and
k, the nonseasonal — i.e., equation (4) — analytical scheme is done;
first, by evenly discretization of the parameterized latitudinal
domain z™ into N points:

Ax Ax 2
T :_1+7’ $N21_77 and x(nH)—xn:A:c:N

where underscript index identifies discrete instance.

Approximating by centered linear finite differences:

ary _1far T
dx ), 2| dx . dz ),
' () ()
1 (Tgyy = Ta N Tn —Ttn-1)\ _ Tint+1) — T(n-1)
2 Ax Ax N 2Ax
and
ery 1 [ar ar
dz? xniAa: dv ), dv ),
(n42) (n-57)
_ Tty = 2Tn + Tin—1)
(Az)?
Thus, re-writing the energy difference part of (4) as follows:
d o dT B dr 5., d*T

gives the finite difference form:

2
20 k T(n+1) - T(nfl) _ (1 N (l‘n) ) k (T(n+1) — 2T + T(”*l))
" 2Ax (Ax)?
= S(1—a)¢(z,) —A—BT,.

Further rearranging the terms:

ok (1 - (xn)2) k
AT (A
ok (1= @)k

B A Ty = S0 - 4,

2% (1 - (wn)Q)

Tin_y+ | B+
(n—1) (Ax)2

Using simplified notations:

- (1 - (xn)Q) k
(Az)?

kx,
qn = Ea n —

the system to solve is given by:

(hn - qn) T(n—l) + [B - 2hn} T, + (hn + Qn) T(n+1)

= S(1—-a)(x,) — A
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which can be expressed in matrix algebra as:

VT

|
c

or in tensor generalization as:

where P, = S(1 — a)é(x,) — A, and,
entries V,, ,,, of matrix V' are given by:

hn — qn if m=n-—1

Voo B—-2h, if m=n
Y Ry + g if m=n+1
0 if otherwise

That is,
coo o - OSVS
S
NN
o oo o
.=
3 L o O
|
o..*S.. ©
3
<
TS
ISR 3
= s
&
T
O:—IQL\J. (an)
I
=N
<=
=TT
SN
\
=
<=
?LO o coco
g
e Pe
SEE R
= N

(I—N)H
(Z—N)n
1]

N
0]
g]

Now, eliminating ocean domain (by not having Fg depend on
temperature), incorporate a loop of iterations z = 1 : 1000 such
that, for each iteration, Az is reduced by 0.5 and the series
of iteration must stop at some z < 1000 once the amplitude
between successive iterations is less than 10712, And, then, the
converged solution at each node (latitudinal point) is spilled out
for temperature, including the global mean temperature T =
% >-n T, alongside the net meridional flux, and each of the three
energy terms in (4), as shown in Fig. 4.

Crumbling, piecing, and cracking:
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Global Mean Temperature is 17.34
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Figure 4: Temperature, Net Meridional Flux, PFS Energy

Terms, as a function of Latitude, in baseline state («
=03, A=2033, B=209, S = 3422, and only albedo
feedback and nothing else.

DISCUSSION

e 1). Pole-to-equator temperature difference ~ 34 °C (consistent
with earlier assumption for finding ¢ and hence k). e Net
meridional flux maximum at ~ 3.3x10' and goes to zero
at equator x = 0 and at poles x = F1, satisfying boundary
condition 1 — x2% = 0. e 2). V-g curve does have a kink at
ice line (¢ around T'= —10 °C). e 3). Simulating the Hadley
Cell (i.e., k becomes a function of the latitude) shrinks AT),_..
e 4). Decrease (resp. increase) in k corresponds to increase
(resp. decrease) in AT,_. and increase (resp. decrease) in net
meridional flux. But these changes are not simply proportional
and change in k does not change T' (unknown why). e 5). When
k =0 (i.e., no meridional energy transport or flux), Tis ~ 8.77,
AT,_. =~ 105, convergence V - g = 0, while the sun Fg and
the earth Er are equal all times. e 6). Last but not least, the
system is less sensitive to changes in S when ice line (which is
at ~ 72N) is fixed, i.e., albedo feedback is off.

Moreover, snowball earth has much weaker Hadley circulation
and jet stream (Pierrehumbert, 2005), which corresponds to
smaller k and larger At,_. in the timeline. Thus, given evidence
of extensive (maybe total) glaciations in over half a billion years

ago, there is a high plausibility that glaciation may have been
broken by times of relative warmth across latitudinal belts.

Now, T =151 °C, which is approximately the mean observed
15 °C, corresponds to a k of ~ 0.386805 (at baseline S% = 1),
with a Tihax of = 30 °C and a T, of & —19 °C. Hence take k
as 0.386805 from now on, assuming albedo is the only feedback
in the system and nothing else changes. Thus:

1). Perturbation due to solar density AS may be thought up in
percentage and thus computed as follows:

So

where S, = baseline, and S = new, and at baseline

RAS = (S - 1) x 100%,

&=1
Suppose —10 °C still denotes when it is cold enough for ice to
form (i.e., equatorial temperature Tp,,, < —10 °C is required
for total glaciation, and polar temperature T},;, > —10 °C is
required for complete deglaciation) and linear models of solar
evolution suggest that solar density has gradually increased by
roughly 10% over the last 10° (1 billion) years. Then, varying
S at the mean observed temperature of 15 °C (i.e., k value of
0.386805) shows that:

e Roughly 11.34087742991-2 % decrease in S is required to have
a total glaciation. Thus, predicting snowball earth to about
1.134 x 10 years ago (roughly around when the earth was 3.366
billion years old).

e Roughly 1.447976683797-8 % increase is required for complete
deglaciation. Thus, there is still at least 144 million years to
come before there will be no more ice left on the earth surface.

e Roughly 0.5% change in solar density, i.e., 50 million years
is required for a 1 °C rise in T, which is actually very stable
and implies that the perturbation due to a realistic change in
solar density is very small, thus, solar evolution (which is almost
surely a flat-line besides the 11-year Schwabe cycle oscillatory
signal) is not responsible for most of the observed “late-20th
century warming” and nothing to argue for a low sensitivity here.

Mindful of the verity that numbers are even likely to change
with more feedbacks in the system, these predictions are no
better than what is specified. In fact, depending on how solar
density perturbation is defined, its formula above can often be
adjusted to account for ozone absorption of UV and other factors.

2). A painless and pleasant way of introducing COq perturbation
into the system is to adjust A by an amount AA given by:

360

where 360 = today’s (reference) and [COQ] — unknown concen-

AA=—kxln <[OO2]) , for some constant k= 5.35 W/m?,

tration in parts per million volume, Myhre et al (1998),
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so that increase in atmospheric COy decreases outgoing
radiation, and the earth must globally warm up (in order to
re-establish a new steady state).

Thus:

e The logarithmic relation = fractional change in CO, is
what is important. Adding 1 ppmv of COs to a reference
concentration of 2 would produce a much larger effect than
adding 1 ppmv to a reference concentration of 100 ppmv, but
would produce the same effect as doubling of COy from todays
value, a relation deemed fit over related mundane conditions.
However, perturbation is stronger than logarithmic relation at
very low or very high concentrations.

. Doubling CO2 from today’s value of ~360 ppmv to around
720 ppmv (which they say is expected to happen within

the next 70 years) would produce a AA = —5,}5 In (%) =
—3.7083 which corresponds to an increase in 7' of about

4.02 °C, in roughly 200-million years (using the solar

perturbation timeline calculated above).

e Compared to 360 ppmv [COs] (today) where A = 203.3, 200
ppmv [COs] (in glacial period) corresponds to A = 206.4447
and 280 ppmv [COs] (in interglacial period) corresponds to
A = 204.6445. That is, a T rise of about 3.23 from glacial
period to date, and 1.48 from interglacial period to date, with a
glacial-interglacial T rise of about 1.75.

However, paleoclimate evidence (when you go back in time
far enough) suggests much larger climate changes have
occurred than is possible under realistic perturbation
scenarios. Amplitude of glacial-interglacial rise in 7o,
for instance, is in the order of 4-6 °C, and thus argues
for cyclicality (since the earth could have been boiling by

now if an amplitude of this order has been going on).

With this plausibility of high sensitivity and cyclicality, it makes
sense to now discuss the rest piece of whole feedback picture.

Let there be an “all-inclusive” system (i.e., containing all possible
feedbacks) in which all feedback (e.g., water vapor, lapse rate,
and cloud, ---, and any lump-sum like cloud + sea ice, ---),
except albedo, is indexed in i € Z = (1,2,---), so that albedo
is allowed to vary freely alongside temperature, and reference
block is imagined as erstwhile albedo-only feedback system (in
which all feedbacks but albedo are held fixed). Moreover, let
there be a A\ as metric, i.e., global climate sensitivity (which
is the temperature response of the global system per unit
perturbation). Allowing Fr and FEg to vary freely based on
the parameterization and formulation above (rather than the
highly erroneous Stefan-Boltzmann law), suppose the relation
FE = FEs — Eg holds so that at equilibrium or initial steady state
(as earlier stated) F = 0, but when perturbed by AEp (small

enough compared to Fg, Fg), in order to attain a new steady
state (i.e., zero sum of energy), the system must change by an
amount AF (= —AEp = AEg — AEg).

Thus, for the reference system, a temperature change ATy,
following a AFEp perturbation, winds up in:

AEp AEg ~
ATy | — — =-AF=AF ATy = M\AE
0 < AT, AT0> P = 0 P
~ (AEp AEs\ !
for some A\ = (ATOE — AT:) , where o is T'-independent
but o = a(T) = ATy =)AEp
1
where \ = NG NG y
(ATf - ATE) + 547 (@)
(AEE _ AES)_l
ATO ATO

A

—1 -~
Lo+ S(85-4E) @ 1SN
Now, define j |vj# = j € Z|Vi as the fixing of climate fields
(besides temperature, albedo, and the i** climate field). Then,
for “all-inclusive” system, the temperature change AT, following
AFEp perturbation, is in a Taylor series extrapolation (where

&(x) — unity) as follows:

ATy ~— AT AEg it AT AFEgo jlit2 AT
€. AT — AT = AFE
VAT, XZ_:AEEi)jljﬁ AT o
AEs  AEg n AFEg ) AFEg AFEg > AFEgo n
ATy, AT AFEg it AT AFEg, Jli2 AT
. AFEg AEg AFEg; ~
1.e., T%AT — Z AES,i), AT AT = AES
% Jli#i
sothat AT =Y fiAT = AAEp
. AEp 1
ie, AT = =S 7 = 1—fATO
for some f = Zfl where f; = i'" feedback given by:
£ = A x AFEg ) AFEg; AFEg ) AEg;
L AEpi jli#i AT AEs; jlii AT
Thus:

-1
o\ = (ﬁ [AAETP D = the global climate sensitivity A is a
function of (i.e., depends on) all possible feedbacks that can occur
(including water vapor, lapse rate, cloud, and albedo). Thus,
A is very different from the definition implied in some bogus

demonstration of low climate sensitivity (and simultaneous claim
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that the net effect of climate feedbacks is to dampen the so-called
Planck’s response) in which A is equated to some (f)\plmck)_l,
where Apianer is the Planck feedback parameter (computed as
the derivative of the above-forbidden Stefan-Boltzmann law):

)‘planck = (dc,_ir (UT4)) = 40’T3

e Moreover, AT = AMAEp = that a high sensitivity amplitude
means that it is easy to change the global mean temperature,
while a low sensitivity amplitude would require an enormous
perturbation to get that same change. Yet, it would be hard to
bring an ocean to a boil quickly, and as earlier stated, if COq
is instantly doubled or instantly stopped, a full temperature
response will not just show up right away. It will take time.
Meaning, this is an equilibrium formula deeply entwined in all
possible feedbacks that can occur.

Accordingly, speculation of AT due to a perturbation would
depend very much on understanding the distinct feedback
and the total process as a whole. IPCC (2007) has extensive
information on the climate feedbacks, but just to get started off:

1). Water Vapor: Broadly defined as the “amount of water
that air can hold”, the important thing to note is that it
is the most powerful positive feedback (making the climate
much more sensitive to perturbation), besides that it absorbs
visible radiation, mostly resides in high altitudes where it is dry
and cold, and increases nearly exponentially with temperature
following Clausius-Clapeyron equation (Pierrehumbert, 2005):

P(T) = P(Ty) * exp {—f” . (; - Tlo)}

where P(T) and P(Tp) are a saturation vapor pressures at
temperatures 71 and 7, respectively), and z = latent heat
of phase transition divided by gas constant.

2). Lapse Rate: Essentially the rate of decrease with height for
water vapor, it tends to offset water vapor feedback, resulting in
warmer temperatures at high altitudes, more water vapor, i.e.,
more condensation, and lifting to higher altitudes so that any
given layer of the atmosphere radiates more efficiently.

3). Surface Albedo: Introduced early in the simulation, this
feedback is based on change in surface (and hence reflectivity)
that accompanies climate change. The best example is with
sea ice. Sea ice tends to increase (or decrease) in a cooling (or
warming) earth and are more reflective than surrounding ocean
or land, resulting in positive feedback. Thus, this feedback is
one large component of “polar amplification” which explains
why climate change is more sensitive to high latitudes than to
lower latitudes. Warm (or cold) climates are hence characterized
by weak (strong) pole-to-equator temperature difference. Less
ice in a global warming situation means more solar absorption,
which ends up resulting in higher surface air temperatures. Same

idea applies to a once forested area that has now become a desert.

4). Clouds: Perhaps the largest source of uncertainty in
quantifying the extent of climate feedbacks that the scope of
this paper may be too small to explore the various hypotheses
and evidence in much better detail, Cloud influence depends
heavily on latitude, optical thickness, and a host of other
issues. Its very robust influence is felt in the parity competition
between reflecting sunlight (low clouds mostly) and influencing
the outgoing infrared radiation (high clouds mostly). It is still
not clear how the parity weighs out, and thus the magnitude
and even the sign of the feedback is not well constrained.

Suffice to say climate feedbacks operate dependently on one
another (still independent of the output AT'), and each takes
a fraction of ATy (reference response), and feeds it back into the
system (making perturbation a function of ATp). E.g., response
due to increase in CO2 (which decreases Eg) tends to increase
temperature, which tends to increase water vapor, which, in turn,
produces a perturbation in the downwelling Er that amplifies
original perturbation. Stronger water vapor feedback would
mean warmer temperatures, still less ice, still lower albedo,
etc. The overall effect behaves in a power-series like fashion,
L+ f+f2+f3 - =1/(1-f) = Gy, with small and diminishing
gains as time progresses, so that AT is related to the “sum of all
possible feedbacks” f and the “gain factor” Gy as follows:

where AAEp = AT, is the reference partition response
0<Gy<1 for f<0 = a positive overall feedback

Gy >1 for 0< f <1 = a negative overall feedback
and Gy < 0 for f > 1 = a ‘runaway’ that is so unstable.

To wrap up, from the nonseasonal, the seasonal analogue of PFS
is created by time-dependent equivalent of (4):

d oy dT'(x) . dT
A+ BT (x) . (k (1—2%) e S(1—a)t(z) =W(x) o
where ¢ := time, W(x) := energy storage change, varing with

latitude mainly, as fraction of land and ocean varies.

Thus, defining W,, = W (z,,) and using centered time differencing
as above, obtain the following (unconditionally stable) implicit
trapezoidal scheme, in which the left hand side of the equation is
approximated with a backward time difference, and the right
hand side is approximated with the average of the central
difference scheme, evaluated at the current and the previous
time step (although this itself is not simply an average since the
scheme is implicitly dependent on the solution as shown above).
Thus:

7 _ p=1) v
In —dn T _ g N Yem (00 T(l—l))
Wort gy = - (T T

m
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where superscript indices (I) and (/—1) identify time
instances assumed to be increments in constant time
step At, and a time instance is added onto U7(f> because
it contains temperature-dependent terms of the Eg
parameterization.

Multiplying by 2At and gathering terms that multiply the

unknown temperatures Tfll)

> (@Wabnm + AtVm) T

m

m

to the left gives:

where J,,, is the kronecker delta given above.

Making this less daunting by defining intermediaries:

H,m = 2Wobnm + AtVom
Xnm = 2Wo6nm — AtVom
Y,fl) =

AU + > X TV

implies: ZHan,EP = YTSl) .
m
Thus, perturbing by varying £(z,¢) rather than just £(x)
(such that initial condition is not particularly important, only
polynomial fitting of current climate), simulation is “spun up”
by running through a number of identically perturbed seasonal
cycles until each year appears like a prior year.

Incorporating ice spread in ocean domain and snow cover in
colder climates into nonseasonal or seasonal cycle, by letting
the dependence of energy-in on temperature to be nonlinear
and parameterized, implies that the iteration uses successive
substitution in which a guess is taken at the solution, and the
guess is used in calculating energy-in and hence, calculating
better temperature, such that loop is repeated until temperature
no longer changes between iterations, i.e., equilibrium is reached.

To conclude, besides this naive-faceted convergence-divergence
arguments, more tools or objects of study can be made from
as-desired progressive near-point or near-value convergence
divergence structures of infinitesimal differences or sequences
of functions, observing smoothness brokeness approximation
empirics, and the operations of calculus; but, once more, the
raison d’étre that “clinch” this exposé:

1). With only albedo feedback and nothing else changing,
if injection of CO2 into the atmosphere is stopped today
after attaining an instant doubling (of concentration),
the climate would still continue to climb and warm for a
number of years (200 million years), then slowly return
to the entire pre-CO2 (and temperature) history in another
multiple (of hundred-million) years.

2). Climate seems to follow a continuous cyclical pattern.
The more understanding of the feedbacks (responses) there
is, the better predictions are.

While this exposé goes to brief nondescript scribble, not intended
for mere “formalized” publication, the veracious demand here
constitutes important factor in a growing globe-scale warming
megalomania. Not to be outdone by non-sequitur ramblings
or notoriously gone wild, more energetic poor-mathematics, if
nothing else: What is needed is still not changing, but more
robust feedback analysis that all can express confidence in,
neatly blueprinted by many or poly Legendre’s launch.
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