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Abstract

We prove enveloping bialgebra U(gl¥)/O(n), wild (random re-graft root-growth) forest bridge
fluctuation in seemingly anomalous evolutionary loci of empirically known supertree genus order,
Fourier-Stieltjes ¢x(t; pe, Xep), 2-side Laplace 0y (t; jue, Xeyy) asymptotics Gauss-hypergeometric,
Bessel, Euler-beta multivariate. CRISPR reducibility is lax on the continuum 2%¢ (quarternion)
algebra of supersolvable extremal theory.
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Enveloping U(gl®)/O(n) invariant

On compact, metrizable randomized disk [—1, +1]® > X =(X;);>0 for R = R U {oo} distribution of
(in)finite Markov subset-state: The time ¢ > 0, chain follows confidence-level 1 —a and -interval
(60*—¢, 6% +¢) on fixed genus g, ordinal ¢ continuum! optimum o, joint-weight hypothesis

P *—c< X <0"+te] = 1—a | Xy, €dr=2¢,..., Xy, , €dr=2¢ (1)

for algebra U (gl?) scheme 6* of bounded decreasing confidence intervals on increasing significance
level «, the type I error to reject a true null hypothesis of continuous C™ distribution ®(z) for the
random lattice X, =(Xy,,..., Xy, ), on symmetry Ho: 1 — ®(z) — ®(—x) = 0; given

/NToaToaloa NV
e Nlogloglog N @)
2
for continuity in inverse f(z)=d®(x), transpose y of complex-conjugate y € C" with respect to X,
i.c. sgn[Im[—y]] = sgn[Im[X]], for multivariate Fourier-Stieltjes transform ¢(y)= E[e? TrRelyX]]].
iTr[Re[yX]jI 0 0 ~ n—1 N
e Jor " Dy D(xiyy .oy, ) dry,- - -dry, , | Tr[Re[yX]] = Re[z ythté} (3)
Q 0 n—1 520
fxeCh
P(X € dx)
q)({l/‘) = P(Xto gacto, e 7th—1 <$tn_1)
Ztg Ttn—1 0
= DO(wey, ... wy, ) dwy,- - - dwy, . 4
/—oo /—oo 5wt0 8wtn_1 ( to t 1) to tn—1 ( )

'where, in general, there exists no set S such that [X¢|<|S| < 2™/ =|R.; 1], for any infinite cardinal |R.|.
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Fig. 1: 102 rays, Gaussian process of drift 1 =0.05, risk v/¥=0.95.
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Fig. 2: point-source, 4 rays, symmetric Bernoulli {—1, +1}, for p=2'"%F—1 o1 Y=922"k_92-2k T
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Fig. 3: point-source, 4 rays, symmetric Bernoulli {1, +1}, for y=2"%-2-1

_o9—k__o9—2k
k:1’2_2 —2 k=1.

Fig. 4: 2-dimensional Gaussian walk and set of E[distance] =10%/2, for u=(0), £=((1,0), (0, 1)).
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“3, N=(eW—1) 2t =) +1W | 1, —0.05,V/IW=0.95.
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Fig. 5: point-source, Martingale process for p=e' *

200-17) +0.72)

Fig. 6: point-source, 20 rays, length 100, uniform recursive O(QOlog( self-avoiding walk.
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{dlogcnu,Xn(t))— (StosELx, (1 dt+ZZ¢ Dvar(Xe, ()] + SVarlXge, (1] |, ) ¥ (1) %, (1)

For nd-dimensional random Y = Y'(¢) driven m x nd diffusion b = (bj¢,), the lattice consisting
finite semi-infinite [0,400) rays emanating from a single vertex is shown in Figures 1,2,3,5, for
genus g=0, 1, on surface diffusion process c=(c,)=(c(t, X;(t))),n=1,...,m | [0,+00) x Q—R™:

Ve (T)

corresponding to stopping-time ¢ solution, starting at state (XTSO) =X, (t0)):

(ealt, X, (6)) = X500 | X, (8) =BLX, (1)) Xyft0) =B, (0] |,

—E[X,(t)] > 1, Vt0>0)

L, (0)]

Xy(t
where % 77(;), dlog X, (t) are instantaneous resp. geometric rate; d Cov(logze,(t),log ke, (t)] —ZZ Yne () e, (t) dt
n e=1v=1
d
dXy(t) = (a log E[X ZZ ’Yngy ) ()] dt + Elzy(t ZZ 'Ynfu ) dY,(t) ‘X to) =E[X(¢)] |t:t0
f 1v=1 E=1v=1
t, d n d
Xy(t) = E[Xy(0)] = E[X, ()] ’t:to +/ (E log E[X,(7)] + 5 ZZ %gy ) (7)]dr +/ Z’Ynﬁu ) dYe,(7)
§ lv=1 f 1v=1

Var[z,,

¢, ()] =Var[zye, (min(t, s))]

Covlryg, (1), Ty ()] = ~Elrye,(0)] Elage,(5)] + Elryg, (1) - = (2yg,(t A 5))] - Elage,(s) - - (e (s A D)]

e = E[Xe] = E[Xent] = pent = Kentyoo T

for continuous drift %log E[X,(t)] and continuous root \/Var[X,e, (t)].

Thus, the wild forest is a continuum diffusion process i.e. n xn Markov chain, continuous process
on countable (finite) index-set scheme of supertree-lattice Gaussian step-drifting, Dirichlet form in
large deviation asymptotics. The higher genus g > 2 object (akin to higher-dimension faces glued
along lower-dimension boundary in finite chain complex) supports convergence of stratified space for
graded Hamiltonian perturbed by noise, with complexity by projective limits of iterated diffusion
scheme on special queuing fractals in controlled topology metric spaces; and, all local time ¢t Markov
property converges in lattice-asymptotics averaging-principle.

Definition 1.1. Let Q be f support, f(ygn)dygn:IP’[Yg(;) €dyey| = f(dF (yen)), then

/Qf(ysn)dygn =1, /Q)‘En f(yen) dyen € Fa.
Lemma 1.1. The (convez-, quadratic-) covariance X for right-continuous Brownian bridge process
N(N, \/i), stopping times t € (0,1), states Xenr, from Xepr ,.=0=0, to Xenp, =1 =¢¢ = 0; || <oo.
Proof. Take XeC"™; [{|=n; £=0,...,n—1; p=(ue) €C™; ¥=Cov[X]|=(E¢,) € C"*™ pos. def. sym.

(Xentpoo™ Xent oo ) (E—t1o0) 1
thoo—tloo ’ Cov[Xpn]

=275 3, =(-1)

== Covlne, (t), 2y, (5)] |, = Elang, (1) Elrge, (5)] (=1 + E? [y, (min(t, 5))]) |,_;

—Elye,(t)] - Elrye,(s)] + Elzge,(t) - 2ye(s)] = —Elaye, ()] - Blane,(s)] + Elzye, ()] - Blzye,(s)]- B[y, (min(t, 5))];

e Minor(Xg;)
det(¥%) 7’

Ke,, (min(s, t) — ty) (t100 — max(s,t))

Sen = Sy = Cov[Xenr Xyne] = E[(Xens —tent) @ (Xgns —finns)] = o
Too — Uloo
for all paths &, n of the same process; where s,¢ € (0,1), and E[Xg/\t] =t(1—-t)Kee, + t2q£2. O



Lemma 1.2. Iff centered, C* Brownian bridge process (X¢=Xepr) is invariant of unitary U € U(n)
transformations, where U(n) is the group of nxn unitary matrices.

Proof. Set Hermitian H : @ — C™*" for unitary U= eV—1H by Schur-like decomposition iff ¥ is
positive-definite, conjugate-symmetric. Then, by E[X¢n] = UE[Xene; VE=VUSU; VyceR:
for all S' ball radii v 2%, 5(n)> hyper-surface area S(Bg (\/ 2271’0(77))), and i.i.d?-like trace:

®= (dg,: Q—Ry) ‘gb(y) :/Rsxp (%: T¢€) dxg - drn_1 :/Rsxp (trace(T¢)) dx;

' 1 1 /2 — 2 1 n—1
T¢§ = Ztugyg - 5 Zzgn y§®yn - 2< f/A—Mg + Tg(l’n,vn#ﬁ)) - % hl( Z sgn[o} H S(BQ( 2277»0(77) ))>
n 133 oceSy n=0

where max(3¢,) is spectral radius for i.i.d X, canonical eigenvectors. And, for (u¢) = 0, the joint
eigenvalue density in terms of Bernoulli and Zeta functions, for eigenvalues Ag¢e, which equals

n! <g(f11<---<nn) H (Age—Ayyy)? dy)/\/(%ri)) ¢(2n) det ™ ’ ¢(2n) = Z q;”

E<n g=1

is an invariant of U, for all p=Uu, V=V Us U, with Hermitian X¢pny = agpns + v —1 beag. O
2
Remark. By Trace(Tp) = —1 d¢ (f]}bg(')/\/pgt<§)'Eét(@gt(g) ) NV Xent | 2= (21,0y5 -+ Py )3
1

3&”1“1) %"t(n)
O(2) = / / 5% -1
e . /0/0 9 det (%) exp(—Z?:1T£>H?=1T£ dre
N——

n

exp (trace(TM) dzo - dx,—1

NG

where X is exchangeable i.e. continuous (¥X-nonsingular) by the ¢ argument.

Corollary 1.1 (Maxwell). X € R3 is centered Gaussian if and only if UX 4 X | UU=UU=I.
Proof. Follows from the prior lemma for all n>1 by restricting the field C to R.

Theorem 1.1. X = (Xoatgs---» Xn—1At,_1) i> (Zontos - -+ s Zn—1int,_,) if X is centered Gaussian,
for standard Zgpny ~ N(0,4/t(1—t)) i.e. centered (u=0) and (Egn)ggio =t(1—t)1L,, for all Z.

Proof. On {x c R™: %HxHZ = %}, the vector (Xoatgs - - - Xn—1at,_,) is uniformly distributed. Take
Z as standard Gaussian on R"”, then induction follows law of large numbers:

1 Z
IP’( lim — Xop, = OAto > =1, ie Xong —2% Zonyy asn— oo, O
n——oo
" \/Zg/\t0+ et Z’r27,—]./\tn_1
Corollary 1.2 (de Finetti, Shoenberg). X = (Xoo,..., XN-10,---s X0ks---, XN_1k) 15 @.i.d
mixture, for R random Xoo, ..., XN-1,0,X0,15---» XN-1,1,--- iff UXgX for all UU=UU=1.

Proof. X is clearly exchangeable by bridge lemma. By Maxwell, X is centered Gaussian iff i.i.d i.e.
X is mixture of i.i.d random variables. And, by prior theorem, X is distributed as

xdsz15>0.

2

. B B _ 1 (y —tu, 712y — t))
where i.i.d = P(Uu € Q) 7/Qf(y)dy 7/9 w(dy) 7/9 YN s exp(— 5

. m
for general Lebesgue measure dz: inf {} ¢ ¢ Vol(B) | Vol(B) = )(ﬂ{:l(b,y —ay), RM3YM C g ce B},
resp. inf{z,‘?o:l v(Iy) |v(Iy)=by—ay, RIY® C Uiz, I}, for countable open C= (B:X;nil(a«,, b’y))B o0 TosP- (Iy=(ay,by)), en-
= €

)dy ’,EUM,\/EE UsuU
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Theorem 1.2. For §€C"BX~N(M,\/§); p=(pe) €Cl £=(¢,) €C™™™; an entire function:

6) o) = I ) = i) = [T Nope) = BT (5)
k
IS ?
(i) ¢(y) = [ lythtg ®E ®E Zythtg ®Zl‘ Z Dk ks, (Ye) ®Z i o (ye) ‘X—Z i.d (6)
¢ k=0 kg 0| k=ku+2ks & k=0
2n n
(iit) E[(@‘to‘XtO—i_ et gtznfl)(t%*l)zn - n' 2” ( gz Z0 ﬂt”ztftn> A centered @)
Proof. (i) ] - sgn(o) = (—1)4);
oly) = / { (x —p—i3y) s (z—p— zEy)*Zzyu+y2y}dx t(o):=(c(0),...,0(n—1))
V¥, es, sen(0) I1i) B2 (V2 o(e)) — (0,...,n—1)

{n=17m} | (z—p—i%y) S @ —p—i%y) = (@—p) 2N a—p) — i (@—p) (B D)y — i GED ) (@—p) - FED )Ty
= (z—p) S Yz—p) — 2iyz — 2iyu + yXy

by Zy=yx, for transposes Z,y of complex-conjugates with respect to y and z, respectively, and

yenTey = (S ulari T )y = (33w 6T )y = (Do ulSe )y =D vl Sequn = v" Sy
e €k € : I

moreover,

_ _ _ _ 1if &=n e
L=y =20"1=2"18 = (T71%)); (2719, Yoy, =6 { = Ele®¥ X
(( Jen)s  ( Z g0 “n € =0 otherwise ’ o(y) le ]

k/Z
(i) Set 0°=1; IE[X |=1; Xk = (Xk) for Boolean ]]JcE : Np % {0,1}, Dirac delta d(x¢),

where ¢(—iy) = 0(y), iy®iy = —y@y, (y — y(0))* :Q_—Ho’)) = ¢, about (0) =0. Then, the

following bilateral Laplace-Stieltjes series, V (£, ke € No; &, ke < 00):
k > 4 k
) | b2
Yy=y(0)=0 k=0 3

oSG, >>Hz<z<<

k=0 Y=y(0)=0 0
| k ~ ~ ~ ~ ~ke  ~ ~
:Zy Z L . X;:k sz yto Y QO QY O QY | Y = YD DYy,
k=0 " k=ko+ -t hn1N 07 Y : *
ko times kpn—1 times ke times
where ke
he < hev®E M ~ ks + 1y (T4 (-DF) 1 [k
E[(#: Xe) ] = > Ok (ytd“s) (Stete U yt§®yt5 O bz = F( > 2-kn) /1
&7 2 ( Z) \/7? kz
kz=0|k§ =ku+2ky 2 2

Y X ' ®§ ng ke 1 - e a2 VS
E[(e - ( Z k: | ts D ( Z ki f/ ytsuts—i_ (2215@5 yt5®yt§)2m§) e ¢ dx&)

% 5]
2 ®E
<Z E Z 2k2 I‘( 22+ ) ( + (2 ) ) ﬁ, (2;2> (ytgﬂtg) (Et§t5 yt€®yt§ E_ @ E Hkg,kg(yt§)>

ke=0 ks=0|ke = (ku+2ks) " ks =0| kg=k,+2ks

= 1 (%5) ~ 2k 3 L%&J ~ 2k, +1 i ¢
) <Z k&'( > Okks Wrehee)™ (Crete Veune) ™ ]che T D Ok Uit (Srete Ve ®me) ]]che 2Z+1>>
ke=0 ks=0|ke=2(kyu+ks) ks=0|ke=2(ku+ks)+1



(1+( 71) E)\/ar<k:g+1> = koo gy — ks! (14 (—1)%)u - x%’ldxg _ A+ D™ [ db
(1 kg) 2 3 (kg + 1) 3 kz + 1) d
2 2 R (%E)! 2" ? 0 (’“22 '2 >R

that is, for all i.i.d X = (Xf)g:_&, ie. Xy =Cov(X¢, X;)) =0, VE#£n=1,...,n, then ¢(y) = 0(iy):
R
¢ = 11> 5 (2ks —1)! (21@) (i eme)™ (—1)™ (See ye @e)

And, €20 k=0 kg=0|k= (k, + 2ks)

n—1
~k k ~k k ~kn kn ~ ~ ~
E |: H yt;‘)(tgg] = E[ytOO‘XtOO ytn 11)(&,171 :| - E[ytoXtO o ytoXtO e ytnletnfl e ytnletnfl ]

ko times kyp—1 times

n=1 ,..~7(5n71<77’n*1)}

for sum over all disjoint {(&o <n0), ..., (§n—1 <Mn—1)}, number [ € {(&o<no),- .-, (§n—1 <Mn-1)}|
of £ in partition {(§o<mno),- .-, (€n—1 <mn—1)}. (iii) follows from the above equality. O

k—>

k
Remark. In convergence P<f <Xy, % < LENk> =% (<I>(:c17k))®N ‘ng => Xen, VEEN,
n=1
and i.i.d Xg,; ~ N (0, /See ), i.e. E[X¢,) =pe =0, Var[X,)] :Zgg, V&, n; 00=1; then

n—1 5 22;01 ka n
~k k k — ¢ s (En— n—
- H yt: E[Xt;] + ( Z < Z Et&otno' . t En_1tmm—1 H E Z e lGosm (G 1)}]>>
{(é0 <o)

£=0

117

(Eg dxg

ke
te

o) = [T 4 ohE H 6509 Lcm, = TS 20 () 0 ecveenel Lo,

¢ k=0 k=0 o
= ﬂi ¥( )5(@& Ye®ye)? ]1 HZ = (y£k®y§)k
E=1h=0 (k)] 2(%) k€ 2220 ol k! 2
= (i {55 o)) weew )7 = (im oo™y = (im (o))"

In addition, this conclusion follows directly from J[,_., exp{ (Ye, tie) + 3 Yey, tSecye)® )
Remark. All 1-dimensional, i.e. [¢|=|n|=1, N (1,1), kth moment sequence rows as follows.

Tab. 1: “Even” and “odd” structure ((0j 1) | y=1; 1®1=1), Vkx =0,1,..., L%J | k=0,1,...,16

7025)
6216200, 2027025}

Tab. 2: “Even” structure ((0 iy, - 2"75=) | y=1;101=1), Vks =0,1,..., LgJ | k/2=0,1,...,16

{8. 60, 90, 15}
6. 840, 840, 105}
5040, 12600, 9450, 945}

5}
783780, 1891890, 135135}
0, 32432400, 2027025}
3782240, 1654052400, 620269650, 34450425}

400, 316234143225}

250, =)
6000, 4113128201000, 2580057 500, 5 52500, 213458046676875)
‘HH(H 956000, 1287578937554910000, 15 0 1 542 H U (HH) 112500, 7

57313770143460840000._30703805434001700000, 61




Tab. 3: “Odd” structure ((0j iy, 2° ") |y=1; 1©1=1), Vks =0,1,..., %] | (k-1)/2=0,1,...,16

i

{2, 3}
{4, 20, 15}

{8, 84, 210, 105
{16, 288, 1512, 2520, 945
{32, 880, 341
{64, 2496

000, 1849969737866250, 21345804
000, 150217542
244690000, 665

100, 461491430400, 969} 77967207500, 6190283353629375}
640, 1696391424000, 429

76 30272
(m 530, LTS01001, P0LIZURRAD, SEOOTISGRAD,  HTLZSTALDISM,  ITIISEERASTHGD, ST

! 25)
. 195130741 T0193487819214960000,_202645115864411220000, _67518371954803740000,_6332650870762850625)

Remark. Table 1 and 3 are Bessel resp. Gauss-Hermite polynomials. Table 1, row k generates
kx-matchings 0, i, (1) of complete graph Kj; e.g., 625 k(1) are perfect-matchings (Godsil, 1981).

Derivation. For Gaussian R™_valued (Y, (2)) V (21, opy,) = o € R,

() 2 : t t
IE[lel 1,0 ®Yv2ndx2nd ® ® <M”§2 (§)2V+ EE’E)Qu—l”&Qu) 1:‘7521171@'%‘752”
§=1v=1 UESgnd/SMXS nd
2

o: (1,...,2nd) —
((011<012)7 SR (Un2d—1<an2d))

where (2nd)! E[Yl(t)- : -}/2(5)] is the coefficient of z1,®---®@xz2y, in

2n 2n d

2n d 2 d 2n 2n d nd 2 d n
<ZZY 5 - ndnl ond (ZZZZEY(t v, x5“®$"“> N ndn' 2nd (ZZZZ(M s t)+2év)77 >x§”®x"“)'

E=1v=1 E=1n=lv=1w=1 E=1n=1lv=1w=1
Theorem. For Pochhammer (a),,, in hypergeometric form, 6(z) equals
2
7 1 "}/-l-l ol ol tﬂg Y 1 27Z
22—1“( >t2 z <— - ;—*,*) J
®®Z VoA 2 (e )? A 2%e,e, 272 o, 1
2
E=1v=1~= 0! 1 1 1.1 -1 ~ tﬂf —y+1 3 27+1
o e e o™ ()
7 + pe, Bee,) 2 H e 2 2 gl,]l
. ~ 00:=1 if m=0
where ~ (@)m =™ I'(a+m) m—1
H(x;a,b) —, () = ———= = )
mz::o (D) m! " ['(a) H(a—i—é) it m>0.
=0
Proof. Follows by expanding the Gauss-hypergeometric series.
Corollary. 6(z) equals
iy 92l 1y vt o1~ G 1 3
(—1qenT 2721—F(7 1)t ; 5 : (—7”- 7>
( "‘6 ) \/'TT 2 + ,ngyxfu( gufuxfu®x§u) H 225 gy’ 2 9 2 97
Y 1 Y+1\ o y s t,ug v 1 ]]-'y
1+em) 237 2T (12) 3 (3 FA(- -1
n ( +€ ) 2 ﬁ 2 2( §V§Vx§V®:U€V)2 H 2255? 27 2

d oo 1
R +
'v—21

2
—1\ 522 Y+ 2 7~ thg v 1
)2 (T e (o 33)
( +( ) \/> 2:_£V£u'r£u®x£u)2 H 2261/5” 2 2

2
-1 1 ’Y+2 ’y+1
“1 (1) 2t () ¢ 5 (- : °
< +( ) 2 \/77_ 2 Mguxgv( Sugy‘ré‘y@xfu) 7_‘ 22&'1/&'”’ 2 ) 2

where —14e 27 =14 20T =1 4 0T = _1 127 =0 ¥y € Z\{0}.

Proof. Follows from the theorem. O

Remark. The definition of x¢,®x¢, symmetry determines other corollaries.



Corollary. Let an R" Gaussian, ¢(x) be entire if
n d
o= (s sang) = [ = Mu(dy) = @ Qe ) [zg e €
R &=1v=1
for all degree mg, polynomial Py, (z¢,), then max(deg(Pm, (7¢,))) # 2.

Proof. Following the above, ¢(—ix)=-exp ((x tp)+ 3 (z, tEx)) x¢, € C. Moreover, Vm | f=1cosf,
~v=rsin@, then a,,cos(mf) < ay,cos™6 should hold, by

%e(Zarﬁ—i—z’y > Zarﬂk <~ [0(B+iv)| <0(B), VBER, yeR.

But as=---=ap_1=0a,=0, by a, cos(mG) — Ay €08 0 L0, ay, cos(mb) —ap, cos™ O £0, if m>4.
And, log ¢(i7), vy €R, is convex i.e. —ai;y+azy?—azy? is convex i.e. a3 =0, if m=3. Thus, m #¥2. O

Theorem. Let )
f(n) —/e” Cul(dy) < oo, V>0, nd>1
R

nd

then characteristic ¢ is entire. And, if ¢(k)#0, Vk € C, then p is Gaussian.
Proof. Follows by the theorem. Q

Corollary. Let Y(t)—l—Yn( ) be Gaussian; then Y( ) Y( ) are Gaussian iff i.i.d.

w UJ

Proof. Follows by the prior theorem. Q

Corollary (Kwapien, Pycia, Schachermayer; Bobkov, Houdre). Let Y]\(;) € R™" be i.i.d
random with the symmetric distribution

n/2 d
]P) \/‘ZZ Eu /:1: § P Zzy(t 2,’1} y Va:207 11:0'117&...#0-’”(1:77%1;
E=1v=1 E=1v=1
then Y7,,...,Y,, are Gaussian random variables.

Proof. Assume E[Y(t)2] < oo for all (YTEZ)). Then, by symmetry and i.i.d,

(] - =S )]

E=1v=1
In integration by part, inequality is equality; by symmetry f ZE 1 ZV 1 Yg Zn/ 2 ZV 1 Y(t .

Derivation. The prior is true for i.i.d Y® sequence (Yg(77 |&,n=1,..., on’ ).

Definition. Let F,2> be random measure. We say F)» converges (weakly) in probability resp.
(strongly) almost surely for bounded continuous f if

/f(anz) LPS/f(dF) resp. /f(anz) a'—s'>/f(dF) 85 7 —3 00,

Theorem (equipartition asymptotics; entropy law). Differential entropy converges for i.i.d
Yl(f )7 e n(i) drawn by a density f; that is,

— o YY) B Bl log £)] = A(F) = [ £(0)los £ ) dy
R

10
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Fig. 7: Entropy law (no cut-off) for affine density f=5+ A(0,1)

Proof. By strong law of large numbers with Riemann-Lebesgue convolution,

hN (it /1)) = %log ((2me )7 det 2) < ZZ

— ]P{E[— log f] =

n d Ey(t) _t2ug,,
e, >

m L LS S g (1, /f Yy = —Af(y)logf(y)dy}zl-

E=1v=1

Remark. dp, — du for all metrizable topology by Arzela-Ascoli theorem.

Theorem (maximum entropy). Let all density f be on support €. If

Ve, OYnw.= Ynw.BYe,,, Vr,s=1,...,< 00;
P == e+ 3 e gw<§§>ygw) e N

A oe e V&, Mw, €{& | €=1,...,n; v=1,...

satisfy f constraints, then f* uniquely maximizes entropy over all f.

Proof. Let g+# f* satisfy f* constraints; QgQQf* for finiteness, then

h(g)

—Aglog(ﬁkf*)dy 2/910g<f*>dy —/Qlogf*dy
—/Sglogf*dy = —/ (AO +Z > N 5w®y§w>

’7_1 flll EARRS] gl/»y

/f sz 3 e, gw®ygw dy = /f log f* dy = h(f*)

7=1 &y 7&1@

where the inequality is an equality iff g= f* almost everywhere.

11
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Derivation. Take Q = R™" )\, = E[ YUEYS Y] A =1/ QEN, YY), then

n d n d n
f*(y) = exp ()\0—{—2 Z e, Ve, —G—Z Z Z ZA&/W y@@ynw), resp. exp(A0+)\y+Xy2) for n=d=1.

E=1v=1 {=1lv=1ln=1lw=1

Remark. Gaussians are maximum entropy distribution for tree structures.

Theorem (complexity). For 0<e<1, i.id Yar=(Y1,,..., Y1 .., Yo, ..., Yo, ) ~N(tp, VIE),

2 e 00 — 2 = O(1/ndtp) 3 if (sgn) = +1
P[Y > (1 + (sgn)e) E[Y]] < eXP(‘”d? E[YD - {(E[Yl])_l == (9<\/(1/ndt,u) log(l/ndtu)) ' = { 2 if (sgn) = —1.

Proof. Similar® to 1S4 ~ N (tu, VS /Vnd) and S2 ~ N (ndtp, vndtY), in the Markov’s inequality
for continuous non-decreasing f(Y)=Y? Chebyshev:

E[Y E[f(Y) E(Y-E[Y])?] VarY
> Bl > 2] = P> 1] < 200 — By —E1y]| 28 = By -y 20 < SR T
the probability of Y®) deviating from E[Y®)] tends Chernoff f(Y®)= eV,
(t)
PO > (14 By O]] = Ple® 5 (t)eyO)) ¢ _ FOPETEA o ¥ ) _ explndtpa + gndtZawa)
~X t -
exp((1+&) e g, Yo E[Y,") exp((1+-e)ndtpz)
1
ie. PIY®>(1+e)E[Y®] < exp(nd(itilx@w + tpr — (1+6)t;w:>).
Now, to obtain the tight bound, for non-singular >, set
tYrx®@r — 0, t=In(l+e) V(e#£0).
Then, about £9=0,
2 .3 2 2 2 2 .3
(1+¢)In(1+e) > s+%—% > 5+%; e > e—%+% > s—%+%; Vo<e<1
where
(I+¢) (-1)% = e+ (1) (== + — ).
<§Zl ) 2 £t 1)
Similarly, setting ¢ = In(1—¢), about €9g=0,
g2 &8 g2 g2 g2 &8
(1—6)111(1—6)>—€+5+€>—6+5; —52—6—52—6—5—3, V0o<e<1
where
(e —eo)f (€ 1)! 11
(1—¢) = —c+ ==+ —).
(;;1 (I—ef & ) ;;2 ( ¢ §—1>
Therefore, the conclusion follows as required. ]

Derivation (discrete). Let X be n-trial, m-type R-valued, then by e =p¢, X¢y = Cov(Xe, X)),
not necessarily independent, ¢(z) equals

Z Hg 1”5' ®<Z ryl dz lyél“f‘xs =20, ye¢=1 gp Ye = ) <Zezx§ p£>

doetyne=n
n

n! . Y n—q __ . "
For m=2: ¢(z) = ;) W(exp(zx}p) (1—p) = (exp(m)p +1 —p) .

3given E[e((®¥))] = (exp(tpz + %th@x))nd = exp(ndtpx + ndtSz®x), the moment generating function of the
normal random variable with mean ndtu and variance ndtX.
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Theorem (bivariate). Let (Y,q) =(Yz, €{0,¢}) | pe,=p(Ye,=c)=E[Yg,].

2 if (sgn)=
Jim P[Y > (1+ (sgn)e) E[Y]] < exp(—%E[Y]) ‘qz{z ii Esin; :j

Proof. By (1+Y) <exp(Y), for ¢, and independence for 4th equality below,

- L PletY = (o) tEY] Elexp(tY)] E[exp(t> ey Yoy Ye,)]
PY > (1+)E[Y]] = Ple” > Kexp((us)tmm) p (172 03 > EYe)

_ E[H?Zl e, exp(tYe, )] _ | nglE[eXp(thu)] _ | szl(p(Y%V:O)-e(t-(Y@ZO)) + p(Ye,=c)-elt Ve=0)

exp((14¢) tE[Y]) exp((1+e)tE[Y]) exp((14¢) tE[Y])
I D (4 = Dpe) Tl Ty exp((€ = Dpe)  exp(SE Si (€“=1)pe) _ exp((e~ 1D E[Y])
exp((1+¢) tE[Y]) h exp((1+¢) tE[Y]) exp((1+¢) tE[Y]) exp((1+e) tE[Y]) "
That is,

P[Y > (1+¢)E[Y]] < exp((e"—1—(1+e)t) E[Y]).
Then, by t = In(1+¢), and expansion of (14¢)In(1+¢) about £9=0,
2
P[Y > (14+¢)E[Y]] < exp(((14e)°—1—¢— %) E[Y]), V(£>0).
Respectively, by ¢ = In(1—¢), and expansion of (1—¢)In(1—¢) about 9=0,

P[Y >(1—¢)E[Y]] < exp(((1—¢g)°—1+¢— i) E[X]), V(=0).
as required. 2 ]

Definition. Density f is Kolmogorov-Smirnov if:

Jlim f<0 < <_Oos<u£)<oo‘FN[:r] ~ Fila] D\/f < z) — K(2) 8)
K(2)= Y (-1 exp(—272%), ©
Nl

Theorem (empirical). Let E[¢y] — oo and (E[¢y]) ™! Var[éy] < oo, for

. (t)
(t) 1 lf Y, <y
—00, T Y, = ¢
]].{ ) }( &n ) {() othe;wise (10)

X~FY®) VzeR

Fyla]

N
EIEN) Y D ooy (V)
n=1

=0 if &v=0
where label £ is independent of Yg(nt) ln=1,...,N. Then* as ¢ — 0,

£2

: i1 A lim -
Jlm BN S, s o) i e e
Proof. Fore <, e >0, N > 1, let:
Ky = sg% (1 —Px[z] — Py[-2]), K= sg% (Pylz] + Px[—2] — 1) (12)
Ky = Sli% (‘ 1 — IP’}kv[a:] - IP’TV[—x] ‘) = max (K;{,,KR,) (13)
Le. f(Ki>e) < f(Kn=e) < (f(KN=e)+ f(Ky=e)). (14)

‘where p=sup (S CT) <= p=1lub(SCT) :=pcT|p—c<ax<p,Vr €S e>0;
moreover, p =inf (SCT) < p=glb(SCT):=peT |p<x<p+e VzeS e>0.

13



WLOG, &n>1 equals sum of ii.d (i.e. same probability space): E[{y] = NE[¢], &y = NE, with
generating functions ¢n, ¢ | on(2)=E[Z¥] = (Z) implies

Jim (VE[) ™ n(f( =€) = (Blg) ™ sup In(g(w,e)). (15)
oo 0<z< 3
Thus, lm (Efg)~" sup Ing(ee) ~ - S— (16)
e—0 0<z<l 2<1+Nli_r>noo (E[en]) Var[gN])
as required. I

In general, X¢, | 1<n< N uniformly distributed on [0, 1] implies

K = sup (va[:r:] +Ph[1—z] - 1), Vaz e |0, 1] (17)
0<x<1/2 2
Thatis i ze) = f(PYl) +PE1—2] =1 > <) =
éN
= (VY (Moo y (X)) + Lo 1oy (X, )) > (142) ELE)). (18)
n=1

Using the Z¢, = Zn 1(]1{ oo, 2} (Xey) + T {—oo,1- z}(Xﬁn)) moment generating function
E[exp(ZV)] :E[:E exp(2Z) + (1—-2z)exp(Z) + :n} =V (x exp(2Z) + (1—-2z) exp(Z) + x) (19)

then, if Y, and Yz, are independent with m.g.f U(Z) = go(:l; exp(2Z) + (1—2z)exp(Z) + z),

F(NT'Ze > (142)El) = F(N 121@ (1+2)Eg]). (20)
By Chernoff’s method of Markov’s inequality,
Ing(z,e) = hmOO N1 lnf( 121@7 > (1+¢) [§]> (21)
g(w,e) = W(r) exp(—’r(l—i—&)E[f]) | W(r) ~ (14¢) ¥(r) Elg] = 0. (22)
That is, ; 1 _ 1
¢ W R In(f(Ky =€) = gl Sup n(9(@,9)) (23)

which is an equality with the unique continuous solution 7 = 7(x,¢), for € <, by implicit function
theorems; in particular, in elementary derivations, for ¢ — 0,
€

T = 551 + Ofe). (24)

And, substituting, as e — 0,
e?E[]] | (2zE[¢] + Var[¢]) ?

_ 2
In(g(a,2)) = — 5= et OE) (25)
By continuity of In g(z, ¢), based on the sum of variables,
sup lim (2 E[€]) ™ Ing(z,2)) = (26)
1 1
- 8P (_ 2 (2x+ﬁ)) T 2(2z+h) 27)

14



Enveloping U(gl®)/O(n) wild forest
Self consistent stationary drifting
From [6], let random two-sided Kolmogorov-Smirnov statistic®, for random distance p between

continuous distributions (Py, P}), of N samples, on electroencephalogram (EEG), be:

Dy = sup }IP)N[x] — Pix] ’

—o0o <x <0
Then, in symmetry hypothesis Ho: 1—F(y)—F(—y)=0,

Jlim f(o <Dy < e) - K(ﬁ 5> (28)

where RHS is the Kolmogorov function

K(z) = Z (—1)7 exp(—27%2?) = Nlinoo f(()< \/fDN <z>. (29)

y=—00

Thus, the significance level of Dy equals N

|N
where significance level and confidence interval of > Dy are respectively:

1—-K(e) (31)
(0, €). (32)

By continuous, monotonically increasing Kolmogorov function K(z) and sample cumulative
distribution (SCD) G(p) on [0, 1], for all p, the equation

. 1—K<\/§s> (3)

Moreover, solution £*, (33), is stationary-SCD independent, differs upwards in distribution under
nonstationary SCD; and, the criterion for accepting symmetry hypothesis Ho: 1—F(y)—F(—y)=0
is the max between significance level and confidence interval for set of permissible outcomes [5];
i.e. solution ¥, (33), corresponds to significance level or confidence interval.

has a unique solution £* for all p.

Remark. A time series Y; is stationary over an interval if no change occurs, that is,

EYW) = EY®ED] G2y ®] = g2y t+7)], (34)
Let Gn(p) be empirical CDF for distances p(N) of two non-crossing length N samples, given by
p(N) = [[Fin(z) — Fan (@)l - (35)
In nonstationary SCD (from nonstationary, N samples), then
Gn(p)=1-p (36)

gives numerical solution p*(N) of self consistent stationary drifting SCSD i.e. probability p > p*.
In particular, for a detector (SCSD) by X;.

°In practice, the Kolmogorov-Smirnov’s statistic is applicable for N >50 [see 4, p.215].
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2% quarternion algebra for supersolvable extremal theory

The Kolmogorov superalgebra of RU{co} non-decreasing maximum-entropy (¢¢|,)y=h(z) Process, of
independent-nonstationary increments on P, Lifshitz continuity, implies strong Markov property.

In particular, fixing a quantum algorithm or walk as event sequence, where output at every time is
estimate on supersymmetry of events thus far. That is, the algorithm tree maintains single integer
n at each node supporting, up to affine transformations, the two operations:

(1). update(): increments n by 1
(2). query(): must output (an estimate of) n.

Let n start at 0, for nonsingular transformations. Indeed, trivial algorithm maintains n using
[log n] bits of memory (a counter); the goal here is to use much less space. It is not hard to prove
it is impossible to use exact O(logn) bits of space. That is, query() is answered with an n estimate
n which satisfy condition P[|n—n|>en]<c (0<e,c<1) given to the algorithm up front. Likewise,
the algorithm gives an estimate for €,c¢ as shown below. The algorithm works as follows: first,
initialize Y «— 0. Then, for each update, “increment” Y by probability 2%,; for each query, output
n=2Y —1. Intuitively, variable Y is attempting to store a value that is ~ log2n.

Moreover, to decrease failure probability of the algorithm, we instantiate s independent copies of
classical algorithm and average their outputs. Thus, we obtain independent estimates nq,..., 7,
from independent instantions of the algorithm. The output to a query is then given by

R
n = m;nl (37)

As each n; is unbiased estimate of n, so is the average n. By independent random variables, and
by p? multiple of variance from constant p = 1/m multiple of a random variable, then

P(|ln—n| >en) <
for all m > 1/(2e%¢) = ©(1/(e%¢)).

oz < © (38)

In particular, in quantum algorithm case, simple method to reduce dependence on failure
probability ¢ from 1/c to log(1/c) follows: we run ¢ instantions of the classical algorithm, each
with failure probability %, i.e. for each, m = ©(1/2). We then output median estimate from the m
classical instantions. Note that the expected number of classical instantions that succeed is at
least 2t/3. For the median to be a bad estimate, at most half the classical instantions can succeed,
i.e. the number of succeeding instantiations deviated from the expectation by at least ¢/6. Define

1 if the ith classical instantiation succeeds
nz{ (39)
0 otherwise.
Then by the Chernoff bound,
t t —t/3
P(ZjﬁgQ)gP(’;m—Ezi:n >g)<ze <c (40)

for ¢t € O(log(1/c)).

In terms of overall space complexity, the quantum algorithm shows that it is running a total of
mt=0(log(1/c)/e?) instantions of classical algorithm.

Now note that once an algorithm counter Y reaches value log(mtn/c), the probability that it is
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incremented at any given time is at most ¢/(mitn). Thus, the probability that it is incremented in
next n increments is at most ¢/(mt); i.e. by union bound, with probability 1 — ¢, none of the mt
classical instantions ever stores value larger than log(mtn/c) which takes O(loglog(mtn/c)) bits.
Thus, total space complexity is, with probability 1—c¢, at most

O(c*log(1/c)(loglog(n/(ec)))). (41)

In particular, for constant e,¢ (say each 1/100), the total space complexity is O(loglogn) with
constant probability. This is exponentially better than the log n space achieved by storing a counter!
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